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Momentum balance on a CV
(Reynolds transport theorem)
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Hydrostatic pressure pbottom = ptop + ρgh

Hagen-Poiseuille equation
(steady, laminar tube flow,

incompressible)
Q =

π(p0 − pL)R
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Stokes-Einstein-Sutherland equation
(steady, slow flow
around a sphere)

Fdrag = 6πRµv∞

Macroscopic Momentum Balance on a CV
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βlaminar = 0.75
βturbulent ≈ 1

Navier-Stokes equation
(microscopic momentum balance,
incompressible, Newtonian fluids)

ρ

(

∂v
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= −∇p+ µ∇2v + ρg

Continuity equation
(microscopic mass balance,

incompressible fluids)
∇ · v = 0
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Total stress tensor Π̃ = −pI + τ̃




Π̃11 Π̃12 Π̃13

Π̃21 Π̃22 Π̃23

Π̃31 Π̃32 Π̃33
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=





τ̃11 − p τ̃12 τ̃13
τ̃21 τ̃22 − p τ̃23
τ̃31 τ̃32 τ̃33 − p
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Dynamic pressure P ≡ p+ ρgh

Newtonian
constitutive equation

τ̃ = µ
(

∇v + (∇v)T
)

= µ
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Total molecular fluid force
on a finite surface S F =

∫∫

S

[

n̂ · Π̃
]

at surface
dS

Stationary fluid
[

n̂ · Π̃
]

= −pn̂

Moving fluid
[

n̂ · Π̃
]

= −pn̂ + n̂ · τ̃

Total fluid torque
on a finite surface S T =

∫∫

S

[

R×
(

n̂ · Π̃
)]

at surface
dS

Total flow rate out
through a finite surface S Q = V̇ =

∫∫

S
[n̂ · v]at surface dS

Average velocity
across a finite surface S 〈v〉 = Q

S
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Coordinate system surface differential dS
Cartesian (top, n̂ = êz) dS = dxdy

Cartesian (side a, n̂ = êy) dS = dxdz
Cartesian (side b, n̂ = êx) dS = dydz

cylindrical (top, n̂ = êz) dS = rdrdθ
cylindrical (side, n̂ = êr) dS = Rdθdz

spherical, (n̂ = êr) dS = R2 sin θdθdφ

Coordinate system volume differential dV
Cartesian dV = dxdydz

cylindrical dV = rdrdθdz

spherical dV = r2 sin θdrdθdφ

Coordinate system coordinates basis vectors
spherical x = r sin θ cosφ êr = (sin θ cosφêx) + (sin θ sin φêy) + cos θêz

y = r sin θ sinφ êθ = (cos θ cosφ)êx + (cos θ sinφ)êy + (− sin θ)êz
z = r cos θ êφ = (− sin φ)êx + cos φêy

cylindrical x = r cos θ êr = cos θêx + sin θêy
y = r sin θ êθ = (− sin θ)êx + cos θêy
z = z êz = êz

Divergence Theorem

∫∫

S
n̂ · F dS =

∫∫∫

V
∇ · F dV

Stokes Theorem

∮

C
t̂ · F dl =

∫∫

S
n̂ · (∇× F ) dS

Vector identities:

∇ · ∇ × F = 0 (Divergence of curl = 0)

∇×∇f = 0 (Curl of gradient = 0)

∇ (fg) = f∇g + g∇f

F · ∇F =
1

2
∇
(

F 2
)

− F × (∇× F )

∇ · (fF ) = f∇ · F + F · ∇f

∇×∇× F = ∇ (∇ · F )−∇2F

∇ · (F ×G) = G · (∇× F )− F · (∇×G)
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