Temperature Charts for Induction and
| o COH_Staﬂt"Tempera"ture Hea‘cing’ ~

By M. P. HEISLER,! NEW YORK, N. Y. |

Charts are presented for determining complete tem-
perature histories in spheres, cylinders, and plates. It
is shown that for values of the dimensionless time ratio
X greater than 0.2 the heating equations reduce to such
a simple form that for each shape two charts which give
temperatures at any position within the heated or cooled
bodies can be plotted. 1t is alsc shown that the usual

" simple heating and cooling charts can also bie used for the

-determination of temperatures and heating times jn
bodies heated by a’ constant rate of heat ‘meneration at
the surface (induction heating).- Finally, a two-dimen-
sional chart is given for finding heating times in short

. cylinders, thereby eliminating the trial-and-errar solu-

tion that is necessary when heating times. are found from.
the present one-dimeansional charts. :
NoMeNcLATURR

T The following nemenclature is used in the paper:

exp = base of natural logarithms, for example exp(a) = e
I = deg T C . o ‘ .
L = coefficient of hent. transfer between surroundings and
- gurface of heated hody, Btu/sqfthr F- :
I* = dimensionless heating-up temperature ratio for induc-
tion heafing { — )/ (h/q)
I = dimensionless industion-temperature ratio expressed in
relaxation (gooling) form, 1 — ( — )/ {hfg) = 1 —1*
L = halithickness of a semi-infinite plate or o short
cylinder heated from appasite sides, 4
m = relitive boundary, resistance (conductivity) /(L) (h).
‘n = relative position ratio (distance in feeg from eenter of
plate, oylinder, or sphere)/(L ar r) :
"¢ = heat Bux per unit arep, applied to the surface of o plate,
‘ cylinder, or sphere in induction heating, Btu/aq ft hr
r = radius of aylinder or sphers, ft
{ = temperature, deg B :
t' = furnace temperature, . deg I {temperature of hot
ambient). .
¥ = dimensionless temperature ratio in relayation form,
A" — 8/ — )
I"* = dimensionless temperature ratic in heating-up form,
=)ty =1 — 1
X = dimensionless time (diffusivity X time)/ (baif-thiclness
squered) for 4 semi-infinite plate hested from opposite
gides, a long eylinder, or & sphere
T = time, hr

Sﬁbscripts:

7 refers to dimensionless position n
1 refers to suwrface of sphete, eylinder, or plate
0 refers fo center of sphere, cylinder, or plate

— .

! Heat ond Masg Flow Anglyzer Laboratory, Columbia. TUniversity.

© i Confributed by the Hest Transfer Division and presented af the

Semi-Annual Meeting, Detroit, Mich., June 17-20, 19046, of Tag
RICsN Soomery oF MEcHANICAL ENGINuDRs,

. Note: Statements and, opinions advanced in papers are t0 be
.- Mnderstood. ag individugl expressions of their nuthors and not thoase
- of the Soeiety, - :
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.

p refers to plate
¢ refers to eylinder
b refers fo initial hase temperature of surroundings

, _ IvrrRonweTIoN | :
The solution of many heat-Aow problems requires the use of
charts from which temperature distribation in solids of simple
shape such ns plates, cylinders, and spheres, can be found. " A
survey of the existing charts shows thet no sat of them fills al2
the requirements of accuracy and readability over the entire
temperature range, of Sufficient curves to permit easy inter-

"polation, and of covernge of extreme conditions of time, thick-

ness, thermal properties, and boundary conductanee:

The original charts of Gurney ond. Lurie (1)? give {emperature
distributions in the interior of the bedy, but in doing so are
limited to relatively few values of boundnry resistance ang
permiy good readability only in the lorger time ratios. Charts

" of the:Groeber type (2) are platted so a3 to give more aceurate

reg for short times, but each chart is limited to temperntura
: ar only one position in the body. Az a regult, & lnrge
of such charts is needed to give camplete spatial coverage
Practical sppliesfions the type his been restricted to
806 ond _center temperntures. They have the added dis
advantage of poor'rea;lubi]jty for even moderately small tem-
perature ratios; and, in common with the Gurney-Lurie charts,
do not cover the extrems range of conditions met in industrial
heat transfer. '

Schack (3) took the charts of Groeber and by graphical inter—
polations was shle to add many mare values for the dimensionless
fime parameter X: Newman (4) edded to the existing data
charts of the Groeber type for cylinders, ‘and in addition in-

-genidusty derived simple mathematioal relations for solvinp

two-"and 'three-dimensional heatflow problems. Hottel (5)
grently extended the range of charts of the Gurney-Lurie type
for surface, center, and “space-mean” temperatures for gerni-
infinite slabs. Bachmann (6) provided additional charts for
glabs, cyh'nder‘s, and spheres, but in his charts used dimension-
less parameters different from those used in the cherts previously
described. _
Considered as 2 group, existing charts arg particularly poor for
those problems which involve large boindary Tesistances, such
as oceur in low-temperature work, convection heating, or the

‘heating of thin pieces in the high-temperature rangs. They

also are not applicable to many problems involving extremsly
short heating or cooling periods such as oeeur in quenching and
hardening. '

All available charts can be npplied only to beating by stposure
to a constant ambient temperpture, An entirely different, but
equally important heating problem is presented by induection
henting, in which heat ig generated ab g constant rate at or near
the surface. ¥f the frequency is sufficiently high, it s Dermissible
to congider this heat generation to fake place entirely at the
surface. The widespread &pplication of high-frequency indue-
tion henating has created a need for heating charts similar to
those which are awvailable for constant-ambient-temperature

* Numbers in parentheses refar to the Bibliography ot the end of
the paper.
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heating. A solution of the egustions governing heat flow in
bodies subjected o o constant rate of heat generation brings

out the important fact thet when expressed in dimensionless

units. these equations are identical in from to those which govern
heat flow in the same bodiés but subjected to constant smbient
temperature. As a resul}, the charts for constant-tempersture
heating alsg can be used for all beating problems charngterized
by constant surface heat generation. o :

It is the purpose of the present paper: (z) To present short-
time charts for simple bodies subjected to very short heating

cycles; (b) to exfend the range of relative boundary-resistance:

factors in charts of the Gurney-Lurie type so as.to include all
values fram zére o infinity; (c) 4o present temperature charks
that, for relatively long time ritios, will give temperature dis-
tributions throughout the body rather than only af the surface
and center; (d) o show that the radiation-convection type of
heating charts ean be used for those eases of ‘indiction heating
whith ean be considered to have purely gurface-heating effects,

" All of the experimental wotle connected with- the temiperaturs
charts was done on the “heat and mnss flow analyzer” 4t Colum-
bia University. The analyzer and the method upon which i
is based heve been deseribed repentediy (7) snd therefore do not
need to be described here. ' Al of the short-time charts, with the
exception of those for#n = 1 for plates and spheres, wave obtained
by means of the analyzer.” The long-hime charts wers ob-
tained for the greater part by caloulations; some check tests
were run on the analyzer. ' Co o
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PART 1 CONSTANT-TEMPLRATURE (C-T) HEATING
' CHaRTs TOR SHoET-TmE EraTing Crones

The purpese of short-time heating charts is to give accurnie
temperature readings for very small dimensioniess time ratios.
Charts of this nature are shown in Figs. 1 to 8; inclusive. "Thera
is little difference between these charts and the other henting-
¢ooling charts familisr to the engineer. As is. customary, o
dimensionless time ratio X is plotted as abscissa and 1 diménsion-
less temperatire ratio ¥ as ordinate.” Bach surve-helds for =
different relative boundiry-resistance factor m.. Eath sef of
gurves is labeled with a-suitable dimensionless position ratio n.

Consider, for example, Fig. 1, which applies. to semi-infinite
slabs, and which has n position ratio n of 1. Fora plate heated
on beth sides n iz by definition (distance from, mid-plane of
plate)/(half thickness of plate). ~ Since = is equal to 1, the tem-
perature chart therefore applies to-the surface of a'alab, TFig. 2
shows curves for the center (n = 0), and for the plane midway
bebween surface and ednter (n = 0.5)..: Tt should be noted that a
differéiit temperature ratio is plotted here than iz customarily
found in the standard heating-cooling charts - mentioned, In
those charts, and in Figa. 7, 8, 8; and 13 of this paper, the cooling

- ratio which is customarily designated by ¥ is used ; in‘this paper
the heating ratio, which is I — ¥, is used for Figs. 1 1o 6, and is
designated by ¥*, ¥* and ¥ are comnected hy .the relndion
Yt=1—7. ’ '

Two scales ‘n.ra used for each- ordinate. This has been done )
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because the charts can be used not only for constant (ambient)
temperature (c-t) heating but also for induetion heating. In
c-t heating, a large relative boundary resistance m means Very
-low surface temperatires for the short time of exposure to heat.

In induction heating, on the other haad, a large relative boundary -

tesistance means that little heat can escape from the surfoce;
therefore high temperatures result from high m values, in con-
trast to the low temperatures in o-t-heating, - In order to have s
readable scale, the product m¥™* has been plotted for large m
values. Fhe I* factor applies 4o induction heating and will be
explained in Part 2. The use of the charts will be illystrated in
the following example: -

Erzample 1. A D-in-thick steel slab initislly at 70 T is sud-
dently put into a 2400 T constant-temperature furnace and
heated from one side ondy. If the conductivity is 25 Btu/ft,
br, ¥, specific weight ia 460 ib per cu ft, specific heat iz 0,120
Btu/lh, T, and the averags surface heai-transfer coefficient
between fame and stock is assumed to be 94 Btu/sq ft, hr, T,
what will be the temperatures at the surfaces and at the center
afier 12 min of heeting? B _ ‘

. X = (25)(12/80)/(0.12 X 460)(9/12)2.= 0.1607

m = (25)/(94)(9/12) = 0.36¢

" FromTig. 1: At the exposed surface; ¥* = 0.621 = (t, — 70)/
(2400 — 70)., From this the expused surfaee tempersture i,

- * i3 found to be 1515 I,

From "Tig. 27 At the unexposed surface; Y% =

il

0.081 =
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(6270) /(2400 — 70).
iy ig found to be 282 . E

From Fig. 2: At thé center n. = 4.5)/(9); ¥ = 0:191 =
{t, — 7O)/(2400 — 70). Trom this the centar temperature is
found to be 515 F. ‘ ' : : .

If the ‘slab had cooled from 2400 F instead. of heating from
70 T, all other conditions remaining unchenged, the tempera-
tures would be as follows: - : )

‘At the exposed surface: 0621 = (2400 — 4) /(2400 — T0).

From this the exposed surface temperature is found to be 054 .

At the unexposed surface: 0.001 = (2400 -— #)/(2400 — 70).

From this the unexposed surface temperaturs is found to be
2188 F. i

From this the unexposed temperature

At the center: 0,101 = (2400 — t,,) /{2400 — 70): From this

the center temperature is 1954 T,

Caarts ror Love-Tive Hearme Creres

When X is greater than 0.2 and m'is less than 100, Figs. 7 to
12, inclusive, can be used. Figs. 7, 8, and 0 give temperatures
&t the mid-plane of a plate, the axis of 4 cylinder, and the center
of & sphere, respectively. Figs. 10, 11, and 12 give a multi-
plication factor by which the temperaturs at any other position
n can be found.

Supposs, for example, the temperature ratio- at » = 0:4 is
desired when the temperature ratio ¥y atw = 0 has been found,
from Fig. 7, 8, or 9. With the same m that was used in finding
Yo zo to Fig. 10, 11, or 12, enter the abscisss with this m go
vertically to ths curve forn = 0.4, and read the ordinate Y./ Vo
Then form the prodiet Yo(¥,/Fo) = Y,

The heating of a semi-infinite slab will be used to ilustrate the
rensoning upon which the fgures are hased. Consider the
following equation, whick governs ihe hesting-up of semi-infinite
plates;
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v - i.?(sin-w,,)(coa wkﬁ) exp(—uw, X}
v ed Wy + (sin w,) (cos w,)

This equation converges rapidly end for valués of X larger than
0.2 all terms after the first can be neglected, Equation {1] then
reduces to ’ .

2(xin iu) (eos wmn) exp (—w:X)

l’_; - B -
i w + (sin w)(cog w)

Since at the center n is zero, tha equu.tlon for the temperature at
the center can be written

2{pin w) exp (—w*X)
w + (gin w){oos w)

¥y = = g, e.\:_p(*—w'-‘.-’f) ..... 133

Dividing Equation [2] by Equation {3] givea ¥',/Fe = (cos w),
where w is the first roo$ of the characteristic number sguation
mw = cot . I6is clearly evident that two sets of charts, cne
giving the temperature ratios at the center, and: the other the
ratio ¥./¥y = (cos w) will serve to give all temperature ratios
fromn = 0ton = 1. Tor the plate, ¥y is plotted in Fig, 7, and
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the: pos:tmn' fagtor in Fig. 10. The use of the charts will be
ilustrated by means of a sunple example; ;

Ezomple 8, A steat rod 1 in. diam- and having the same
properties as the steel plate of. Example 1, is initially st a uniform
temperntiire of 70 F. It is suddenly put into a 1600 F furnsce
and kept there until the center reaches a temperature of 1400 F.
What is the temperature distribution at distances of 0.1, 0.2,
0.3; 0.4, and 0.5 in. from the center? What is the heating time

" when the center Has reached 1400 F? _Assume & to be 36.9

Btu/sq 4 111- F.
m = (25)/(36. 9)(1/04} _16.'3 '
v = (1600 — 1400)/(1600 —70) = 0.1307

] L - Therefore,

N o ¥y = {¥u/¥9){0.1307) Trom

o . From Pig. 11 . (1600 —#,) which

At nis Fu/Yois {1600 — 70) ty s
0.1.in. 0.2 0.998 - ' (0.1304 1400.3 T
0.2 in. 0.4 0.985 0.1300 . 4012 1
0.3 in, 0.6 0.990 0.1294 - 1402.0 If
0.4 in, 0.8 0.980 . 0.1282 1403.8 I
0.45 in. 0.9 0.975 i 0.1374 1405.0 T
0.5 in. 1.0 0.970 0.1267 1406 oF

From Fig. 8, form = 16.3 and ¥ = 0:1307, X ig 16.7. From
thia the heating time is 3.84 min, _

In the example just given it was assumed that the center
temperature was known. and that the other temperatures and
the hesting time were the unlmowns. Problams in which the
heating time is known and the temperatures are the unlknowns

"can be solved just os readily by finding ¥ from the givan heating

time and relative beundnry resistance and forming the (¥,./¥o) ¥y
products. Cylinders and spheres are treated in a similar manner.

Reratrve Bouwpary Rusistawces Grasran TeEan 100

There are many problems in which = values mueh greater
than 100 are met, These can be solved by using Fig 13, &
being understood that X is greater than 0.2. - To illustrate the
principles underlying this graph, it will be convenient to consider
Equation 3], sithough it should be noted that fhe analysis is
equally true for cylinders and spheres. 1f can readily be shown
that as m approaches infinity, the first root of miw = cot w ap-
proaches zere. Thercfore, for small values of w, 2(sin w)/(w —
sin w cos w) épproaches 2w/ {(w + w), since for small angles sin w
approaches w and cos w approaches 1. Censequently, Equation

K
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[3] reduces to ¥y = exp{(—wiX). TIf, in addition, mw = cot w
is written-as (1/m) = (w) tan w, aad tan w is expressed in ibs
series form, it can readily be shown that for the small values of
w ynder consideration it is sufficiently accurate to consider only
- the firgt term in the expangion. As a result {1/m) = {w) tan w
reduces to l/m = w? 'Therefore, ¥y can be written ag ¥y =
exp(—X/m). By similar arguments it can be shown that for
eylinders ¥y = exp(—32X/m) and for spheres ¥y = exp{—3X/m).
Or, using o general form, ¥y = exp(-—a4), wliere for plates 4 =
X/m, for cylinders 2.X/m, and for spheres 3.X/m. This is the
form, that has been p[ot‘.t.ed in Fig. 13. As a matter of practical
mterest it I8 pointed aut that for values of A less than 0.01,
¥Yoreduces to 1 — 4. To illustrite ﬁhe use of the chart cons;cler
the following example:
© Ezample 8. A 1/p-in. partition in o steel ventilation duch is
-at 70 . Hotair at a constant temperature of 200 T is suddenly
blown through the duct. *~Assuming the average surinee hent-
transfer coefficient to be 4 Bin/ag 4, hr, F, find the time it will
teke for the center (Y/u i in. from either surfa.ca} ‘of the purtlt;mn
to reach 185 T.

Yu = (‘700 — 195)/(200 — 70) = 0.0385
m = 25 X (ﬁ‘f- X 12) /4 = 4800

From Flg 13 for ¥ = 0.0385, 4 = X/mis 3.26. From this
X 18 3.26 X 4800 15,640, If we nssume that the thermal
propertics of the steel are the same ns those given in the pre-
ceding examples, the heafing time is 15,640/ (0.452) (64 X 12)? =
0.0587 hr = 210 sec.

PART 2 INDUCTION HEATING

High-frequency induction heating, using frequeneies in the
order of millions of syeles per second, is fundamentally different
in ita effects, both mathemntically and physically, from low-
frequency heating. Where high-{requency heating is charac-
terized by the generntion of heat in o very thin layer nesr the
surface of the worlipiece, low-frequency hesting is associated
with o spoce-verying generation of heat. For this latier cese
the relation between strength of generation and depth of pene-
tration depends, for a given material directly upon the frequency.
A mathematical solution is possible for problems of this type,
provided that the relation between frequency and depth can be
formulated. For those frequencies in which the heating effect
is r:nncentrated in sucha t]:un shell that, for all practieal purposes,

the beating ead be considered to be surface heating, & simple
solution is possible (see Appendix),

In high-frequency heating of metals there is n pronounced
skm heating efiect, the thickness of the skin being, among other
things, a function of the frequeney of the currens in the induetion
coils. For eommonly used stesls, Curtis (8) quotes the following
figures s reprosentative of the rela.tmn between depth of pene-
tration and frequency: For 2000 cycles per sec, a skin depth of
t/ain., and for 200,000 eycles per sec a depth of 0,020 in. Sherman
(9) zives the equlvaieut depth of umform penetration as lesa
than (.001 in ab 5,000,000 eycles. Such high frequencies have
come into mdespreagl use in thin-case hardening, in which the
quenching of the surface layer is accomplished either entirely
or in large park by the cold core just beneath t.he surface layer
of heated metal,’

The actual conditions of high- frequency induction hen.tmg can
be closely simulated by applying a constant heat flux to the
surface of the workpiece. If a constant hent fux is applied, for
exnmple, to o long eylindrical rod, part of the flux will penetrnte
into the rod by donduction and the remainder will be lost to the
surroundings by convection and radiation. As the temperature
of the rod incremses, a larger and larger part of the heat input
will be lost until the surface temperature finally assumes a value
at which all the hent flux is lost to the surroundings. Thus if
7 is the flux in Btu/sq f%, hr, and A is the surface heat-transfer
coefficient at steady-state conditions in Btu/sq £, hr, F, the
rod will, after an infinite time, assume o final yniform tempsrature
of ¢/h deg F nbove the orlgmu.l temperature of the budy and
surroundings. :

Tt ig showt in the Appencht fhat if o dimensionless tempem— '
ture-ratio I'* (for induction heating) is defined as (4, — &)/ a/h},

. whate {, is the temperature ab pesition n in the worlpiece, and

1, ig the original uniform i.empernture then the equations which
govern the flow of heat in a body subject to ¢-t heabing are
identical with the equations governing the flow of heat in the
same body subject to induction heating. It then follows that
the same curves whick are sdsed for ¢-t heating can also be used
for high-frequency induction heating. Tt should be pointed out
that in Figs. 1 to 6, inclusive, the relation I*; = (&, — £)/(@/)
is plotted, whereas in Figs. 7 to 9, inclusive, the relation Iy =
1— (s —4,)/(g/h) is ploited. TFor the latter case, temperatures
&t any position n can be found from Figs. 10 to 12, by forming
the product I, = I{T./Ts) just as is done for c-t heating. The
procedure will be illustrated by the following examples:

Erample £—Short-Time Induciton Heating. The 1-in, bar of
Example 2 is to be heated by induction to a surface temperature
of 16800 T in 1.5 sec. ' (@) What energy input, in kkilowatts per
square inch, must be applied ot the surface? (b)) What will be
the final center temperature of the bar?

Assuming that the avernge surface temperature is {2/3)

“(1600) = 1070 F, that the temperature of the surroundings is

70 T, and thot heat is lost by radiation only, i will be 9.9 Biu/sg
ft, br, F; therefors
m = 25 X 24/9.9 = 60.1
' X = 0425 X 1.5/{1/24)2(3600) = (.1084

From Fig. 3, mI* = m(m — 70)/(g/9.9) = 0.444
(1800 — 70)(E0.1 X 0. 9)/(0.444)
2,050,000 Btu/sq &%, hr, F

(2,050,000) /{3413 X 1-L4:)
4.17 kw per-sq in.

il

q

It

To find the temperature at the center:

From Fig. 4, mI*® = m{t, — 70)/(2,050,000/9.9)
from which & is 1312 F.

= 0.086,
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Example 5—Lang~T1’me-._[naucnon Heating. If, in the fore-
going example, the heating time is ehanged to 200 sec: (2} What
must be the energy input in ldlowntts per square inch? (&)
What will be the center temperature? Assume all' properties
arg unchanged. o . o -
X = 0.452(200/3600)/(1/24)* = 145
From Fig. 1%

L/Ty = 0.991

1

From Fig. § )
, ' Lo=1—(h— e@)/(:_q'/h.} = (.65,
Therefore .

L = 0.991 X 0.65 = 0.644 = 1 — (1600 — 70)/(2/9.9)

From this g is found to be 42,\60_0. .Btu/sq ft, hr = 0.0865 lfw per

Then

sq if. 7 S )
Ly = 1 — (la — 70)/(42,600/9.9) = 0.65

and, thérefore _
It is emphasized that the methods given for induction heating
are precisely accurate only when. all of the energy is generatod

"at the surface of the workpiece. - Therefore the application of -

the curves to actual conditions must be tempered with judgment,
For very high frequencies, it is reasonable &0 assume that neg-
ligible error is involved; for lower frequencies, which involve
greatest éfrors; the methods can be usefully applied b6 determine
general trends or limiting values.

PART 5 TWO-DIMENSIONAL. HEAT. FLOW

The frct that the inﬁ:_ﬂte series represented by Hquation [1]
reduces to the simple form of Equation |3] can be used to con-
siderable advantage in dehermini_ng heating t_imea‘ and tempera-
tures within bodies subjected to two-dimensional heat flow.
Consider the equation: tor the heating of an infinite eylinder (the
subseript ¢ denotes _L".ylinde:r)r._ : o S :

= i 27 (ud Taltwyn) exp(—u?,X,)
e Ul + Jhlag]

. [4]

h=1

where Jy and J) are the Bessel funttions of order 0 and 1.

Now, it is just as true for cylinders os it is for plates that, for
X preater than 0.2,-all terms after the ftst become negligible.
Therefore for » equal to zero '

201 (u) exp (—uiX)
ti {J'—‘g(u') + le (1{.)]

whers « i3 found from the characteristic numhber equation mu =
Jolw)/S1(u).  Ibis clearly evident that at any position n, (¥,) =
Jo(un) (Yoo (Vo). is plotted in Fig. 8, and Jelun) in Fig. 11.
It is possible from these two Bgures to find the temperature at
any point in an infinitely long cylinder by using the methods
for the slab illustrated in Part 1, Example 2.

The extension of this simple principle to finite cylinders follows
readily. Newman (4) shawed that, for finite cylinders, the tem-
perafure rabio-ab any poiné (r,, n.) in the cylinder is equal to the
product (¥,),(Y.).. Therefore for all X greater than 0.2

Yo = foy exp(—w?X)] o, exp(—w*X )] = (¥9),(¥0),. . [6]

(Yo, = = guwexp(—uiX,):..... [51

Since X, = (}E)_ » X this can be written

TRANSACTIONS OF THE A.S.ME.

Yo = a.0,exp {—-X;[ 2L (;_UTT)LI:'} [7]

Fquation [7] is » function of the variables m,, m,, < and X.;

it is plotted in Fig. 14. Fig. 14 ennbles one to find the heating
time required to reach any desired temperature within o short
oylinder. This is nob possible from the cne-dimensional charts
except by resorting to a trinl-and-error solution,

The temperature at any position N7, oan be found by mesnsg -
of the following relation = ' '

Y(ap,no)

= (¥u),(cos wn)_p(fu)n(.fuuﬁ)c ......... 8]

* Cos{wn), and Jy(un), are plotted in Figs. 10 and 11, in their

equivalent temperature form ¥, /¥, . Note that
cos (wn), = (Y./¥3),; Jalum), = (¥,/Ty),

The use of Fims. 10, 11, and 14, in Bnding heb.’ui‘ng_timas and

temperatures will be illustiated in the following example::

Ezample 6—Short Cylinder. A steel cylinder, conduativity =
25 Btu/ft, hr, F, diffusivity 0.452 sq ft/hr, 6 in. long and 4 in,
ciam, is put into o 2000 F furnace. Assuming heat is transmitted
over the entire surface and & is 75 Bbu/sg ft; hr, F, find:' (z) How
long it will- talea the center torench 1900 F; and (b) what fhe
temperatures will be at points which are 1 in. ‘fmm.'tha axis and
/s in. from either face. - : :

Since both faces are heated

T 2 o N )
I= 3 and (r,./L)~ = U‘L-J:fi
= 25/(3/12)75 = 1.333 .
e = 25/(2/12)75 = 2

2000 —1900 !
= ———— = [.051
¥ ) 2000 — 70 ’

To find the hesting time, enter the bottom right guadrant of

Tig. 14, at (/L) = 0.444, move horizontally along the broken

ling fo. m, = 1.333, and then go verticelly Lo m, = 2. From
this poiné drawea horizontal whose termination is found by going
to the top right quadrant at m, = 2, following the broken fine to
m, = 1.333, and thence horizontally to ¥y = 0.0519. The inter-
section of a perpendicular from this peint to the horizontal
located in the preceding step gives X, = 27, Before finding the,
heating time it first muat be determined whether X, is less than
0.2, since the graph is nob valid for either X, or X, less than 0.2

Xy = (r/LNE) = 044d X 27 = 1.9

Therefors the method is applicable to this problem.
‘The temperatiires nre found from the following:

Al the edge n, = n, = 1. From Fig. 10, for 2, = 1 and
my = 1333, (¥,/T), = 0.718.

From Fig, 11, for m, = 2and », = 1, (¥./Fu). = 0.99. Since

at the edge (F).(V.), = (¥V./To),(Y./Vy), 3 {¥o) o (Fo),
2000 —

and (¥0), (¥}, = 0.0519, it fo}léws that (¥,).(7,), = ?:‘{]—?]%9?;0

=-(0.718}(0.79) (0.0519), from which the temperature at the edge

i found to he 1943 F. At 1 in. from the axis, n, = /s = 0.5.

From Fig. 11, (¥V,/Ty), = 0.046, AL 1/, in. from the face n,
= 2.5/3 = 0.83%2. From Fig. 10 (Y./Ya), = 0.8; therefore

2000 —1¢
= (), Q. .0519) = 0.
2000 —70 (0.946) (0.8) (0.0519) 0.0392
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Appendix

Danrvarion or EquaTioNs ror Hree-FrEquenor INpuerion
Hparnve

- Additional nomenclature for the Appendix is as Follows:

rolumetric specific heg.fsr o o
ifusivity, (conductivity)/ {volumetric specific heat)
hermal resistivity G ST
oundary resistance (film resistanice) -

nverse Laplacs transform

a5 p subsoript indicates partial di

ﬁ'eref;t_iabfnu with
respeet to relative position » : ’

% = position in heated hody; ssa suBscrip’n dengotes partial
differantintion with respect to = :
T = a3 a subscript, ‘second partial differentintion with

respect o ¢

Other units are given in the nomenclature at the be
of the paper, . , )

The partial differential equation which governs heat Aow in a
semi-infinite solid of hali-thickness L cen be writien

b = o)

ginning

©]

The subscript r indicntes partinl differentiation with respech to
time, and the subscript sz the second partinl differentiation with
respect to space. The diffusivity = can be written as 1/RC,
where & i3 the thermel resistivity and (f the volumetric thermal
capacity. At the surface of the plate, the total flux g will be
equal to the flux lost to the surroundings {(through the boundary
resistance) and the flux conducted into the plate, that is

¢

R, being the flm resistance and H{L, v} the time-variable surfaee
temperature distant L units from the center. It is ponvenient
to introduce & set of dimensionless parameters. Introducing the
following units

X = (ar)/L
rr e b, X) —
T X = m

n = /L
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Equum‘on [9}_ becomes
Yrn, X) =Vn, D). ... . 11}

Fquation [10] becomes

1-— ¥,
T D = =D g 12}
In addition; for the center, we can write

¥.(0, Eo) =0, (T > 0., S sy

Taking the Laplace tmﬁsfurrﬁ'of Equation [11] and the Eoundary
conditions Byuations [12] and [13] o '

sy(m, §) = y,m(ﬁ, l:}), @>a>1......... [14]
R L el DR [15]
(0,8 = 0. 6]

" The solution of Equation {14] i
. '_i*l(n, #) = 4 sinh [n(s) 3 + B cosh [n(s)}
Therefare ) ) . :

v, 9) = ()% 4 cosh (s)d + (o3 B sink fue)
To satisfy Equation [16], 4 must be zero, Applying Equation
[15] E AR '

a1, 8) = ()} B sinh (5)% = /% — B oosh ()}

Vi
from which
) L 1 .
"5 cosh (9% — m{s}} sinh ()%
Therefore . C )
.g,r(n, 9 = ‘cosh n(s)d 7]

3 [eosh(5) T — (o) Esink ()]

Taking the inverse !:rmésfurm_

. '_ 1 cosh n(8)¥ - exp ()X
Yin, X) = 2wi [ g, a[cosh(s)k —m(s)¥ sinh (3) 3

The residue ab the simple pole § = Qi readily found to be 1.
The poles of coshis)% — m(5)% acour at & = —w?  The residue
is found by taking the inverse 4ransform

pis) } P(ss) . N
Tn, X) = p-1 Q28 L E 278 = ap®
! (Tb, x) {Q(-‘l‘) 1 Q{(sk) (for o v ’.)

This inversion gives
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in, X) —¢,

ok Yo, X)

we + (sin 1) (eon ) 77 18]

—1-g Z {gin ;) (cod nay,) exp (—w, 1X)
L

where w; is' found from the characteristic number equation

mw = cobw. ' ' .
Bouation [18] is identically equal $o.the equation for a zlab
subjected to 8 consiant ‘temperatime.’ . The equations for cylin-
ders and spheres ware derived by the same method and found to
be identically equal to thasa For heating in & constani-tempera-
ture source. Tt would not have besn necessary to carry cut the
complete evaluation of the problem because it is obvicus from
Equations [11}, [12], and (18], that the solution must Jand tq

the same equation as for simple hentingsup. Ths Laplace . .

transform has been used to bring out the method by which the
short-time  curves for the surface of plates ‘and spherss wete
developed. T : -

- Where. small values of X nre involved, ecalculation of the
temperature rating ¥, becomes quite laboriotds becauwse of the.
number of terms that must be used. An accurate approdmition

.ean be had for values of X less than 0.2 by maling use of the Fact
“that, ag X approaches Zero, s appronches infinity; for example,

Egaation .[17] can be written

- expln{i} + expf—n{s}i]

[ 1exp () — exp[—(D] — m(s}) fexpisd) — aep (—shi}
, R , .e.o1o

Bince s is very large, because of th_é small value of X; éxp —n{o)¥

appronches zerd, and .

Y e S —n) (5} o
| y(n, sy 2= m— ............ [20]
At the surface n = 1, therofore
o 1
7(n, _s) = B[ () §] e [21]
Taldng the inveme_ transform.
'y(l; 0 =1— exp(X /m%) eife (@) ........ [2ay

Since the t':ompiemenmry error function is n tabulated function,
Equation 122 is convenient for caleulation.  Af the center

90, X) =2 < arfe —1~= —exp(l/m + X /m¥) erfe
2vX

i '\/;? .
(gﬁ-!- 71-—)} ...... {23]

These eguitions can be used where greater accuracy s desired
than is possible from the charts, - Similar formulas can be derived
for other values of n, and the methogd can he applied with equal
facility to cylinders and spheres.




