Successive Substitution
(by Dr. Tomas Co 5/7/2008)
Definition:
A numerical method for solving a nonlinear equation for the unknown.
Main Idea:
1. Rewrite a nonlinear function into a form given by

x = f(x) )

2. Starting with an initial guess, X, evaluate f (x;) to yield x;. Continue the iteration
Xg+1 = f(xk) k = 1'25 (2)

until the result no longer changes to within a specified tolerance, i.e. after m iterations
where

|Xme1 = xm| < € 3)

Example:

Find x that solves the following equation

X3+ 2x + 2 = 10e~2*° 4)

Rearranging equation (4) to the following form,

1 342 2
x=fx) = \/—Eln (%) 5)

Then the spreadsheet can be implemented as given in Figure 1.



Initial guess I

b abs(err}
5 =SQRT( -(1/2)*LN(
5 [ 0.750208| 0.207763 /10))
c3 szns 0.684039] 0.066168
039
g | | 0.706208

9 0.698905| 0.701325] nn
10| | 0.701325| 0.700525| =ABS(B7-C7)
11 | 0.700525| 0.700789
12 | 0.700783| 0.700702| 8.76E-05
13 | | 0.700702| 0.700731| 2.9E-05
14 | | 0.700731| 0.700721| 9.58E-06
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Figure 1. Solution using successive substitution.

Remarks:

1. The convergence is highly dependent on how ones defines f (x). For instance, if we
rearranged equation (4) to be

x=f(x)= %(10(3‘2"2 —(x3+ 2)) (6)

then the method will diverge.



2. Let x™ be the solution and x be the initial condition. One sufficient condition for
convergence is that the slope of f(x) is between 1 and -1 as shown in Figure 2 and 3.
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Figure 2. Slope of f(x) in the range x* + X, is between 0 and 1.
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Figure 3. Slope of f(x) in the range x* * x, is between -1 and 0.




